
E Q U A T I O N S  F O R  C A L C U L A T I N G  T H E  V I S C O S I T Y  

C O E F F I C I E N T  O F  N I T R O G E N  AND H Y D R O G E N  IN 

T H E  G A S E O U S  AND L I Q U I D  S T A T E S  

A .  A .  V a s s e r m a n  a n d  V.  I .  N e d o s t u p  

An equation for  describing experimental  data on the viscosi ty  of gases and liquids is presented,  
taking into considerat ion the peculiari t ies  of the configuration of i sochor ic  sections of the 
v iscos i ty  coefficient surface .  The effect iveness of the equation is demonstra ted for  n i t ro-  
gen and hydrogen. 

The known formulas  for calculation of the viscosi ty  of a substance, even those recent ly  presented [1], 
a re  valid only for  the gaseous or  the liquid region.  Hence, fur ther  effort  in the development of an effective 
equation valid both in the gaseous and the liquid state is valuable. 

Bogolyubov's theory  [4] permits  the writing of a formula relat ing the viscosi ty  coefficient to the 
thermal  pa rame te r s  

= ~o ( i  + B.~p + c~r ~ 4 -  �9 �9 .), ( I )  

Here B~?, C~? are  virial  v iscos i ty  coefficimts.  Unfortunately, the re la t ively low accuracy of exper i -  
mental  data on viscosi ty  permits  a sufficiently accurate  determination of only the second vir ial  coefficient, 
which complicates  di rect  development of an express ion for  viscosi ty  in virial  form.  Therefore ,  an attempt 
was made to develop an equation agreeing with the theoret ical ly  based form of Eq. (1), but permit t ing the 
use of all experimental  data in its formulation.  Such an equation was found by examination of the configura-  
tion of the surface of the v iscos i ty  coefficient in a real  gas.  

Figure 1 presents  the isochors  of the reference  network of the viscosi ty  coefficient for liquid and 
gaseous nitrogen: 1) the curve ~?0(T); 2) curve of saturation; 3) data of Golubev [9, 10]; 4) Michels and Gib- 
son [11]; 5) Ve rmesse  et al. [13]; 6) Laza r r e  and Vodar [12]; 7) Van It terbeek et al. [14]. 

F rom Fig. 1 it is evident that, if we exclude the region of great ly  reduced p re s su res  (o~ > 2), then for 
the remaining significant portion of the surface of the viscosi ty  coefficient the equation can be written in 
the form 

(0, T) = f: (~) +/~ (0) ~ (r) (2) 

where the function f l  (P) accounts for  the sys temat ic  increase  in viscosi ty  along an isotherm with increase  
in density, and the second t e rm of the equation, presented in the form of the product of two functions with 
separable var iables ,  ref lects  the curvature  of the isochor .  To descr ibe the viscosi ty  in the region w > 2, 
where the i sochors  have a parabolic cha rac te r ,  a t e rm fz(p)T -i  must  be added to the equation. Then the 
equation for the v iscos i ty  surface has the form 

(p, r) = [1 (P) + ]~ (P) T-1 + [3 (P) ~ (T) (3) 

As a resul t  of the invarianee of the equation in the form of Eq. (4), relat ively l inear t ransformat ions  
of the tempera ture  function [5] can be used for  r in the isochor  equation. At the same time the common 
form of the isochor  configuration and the curve ~?0(T) permi ts  the la t ter  to be used as a t empera ture  fro:c- 
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Fig. 1 

tion. An important  argument for the choice of such a ga(T) is the fact that values for the viscosi ty  coeffi-  
cient are easily determined at a tmospheric  p res su re  by experimental  methods, and such data exist  for a 
large number of substances .  Fur the rmore ,  kinetic theory permits  calculation of the viscosi ty  of ra ref ied  
gases to an acceptable degree of accuracy with a limited number of experimental  data. 

With the choice of ~?0 (T) as a tempera ture  function, the equation for  calculating viscosi ty  is writ ten in 
the form 

(p, T) = F~ (p) + F~ (p)~-~ + F3 (p)rlo (r) (4) 

Fl(p) , F2(p) , and F3(p) are polynomials in density. It is easy  to see that Eq. (5) could be obtained 
f rom Eq. (1) by assumptions on the form of the tempera ture  dependence of the vir ial  coefficients.  Com-  
par i son  of the indicated equations shows that the coefficients B~?, C~? . . . .  should be presented in the form 

a ~  , bl "J-c1, C~ a~ b~ , 
B~ = no T noT = %-o + ~ T c~ (5) 

Such a form for the vir ial  coefficient expressions agrees sufficiently well with theoret ical  invest iga-  
tions [7]. 

The relationship in the form of Eq. (5) can be constructed from experimental  data by the method of 
base i so therms,  which has had wide use in the construct ion of equations of state [5]. The indicated method 
permi t s  pre l iminary  development of the net of reference  values on the basis  of experimental  data. Then, 
using data on viscos i ty  at a tmospheric  p ressure ,  the function ~70(T) is determined and descr ibed analytically.  

With the known tempera ture  function of the express ion for volume functions a solution of the sys tem 
is obtained, containing on its left side Eq. (5) for  the given values of T0 and T, and on i t s r igh t  side the equations 
of the base i so therms .  For  descript ion of the data on viscosi ty  of the liquefied gas, one of the base i so -  
therms  is chosen in the liquid region. In order  to assure  good extrapolation into h igh- tempera ture  regions,  
it is helpful to initially determine the values of the second virial  coefficient and consider  them in formula-  
tion of the i so therm equations. 

We will i l lustrate the resul ts  of the equation for gaseous and liquid viscosi ty  using two well-studied 
substances,  nitrogen and hydrogen. 

Matching of the experimental  data on nitrogen viscosi ty  was conducted along isochor ic  sections in the 
coordinates ~7, T. Initially, the data of the various exper imenters  was graphical ly p rocessed  along i so -  
therms  to determine the viscosi ty values on the i sochors .  The necessa ry  values for ni trogen density were 
taken both f rom the original works and by interpolation f rom tabular  data [5, 6]. The resultant  set of r e f e r -  
ence values for the nitrogen viscos i ty  coefficient,  based mainly on the experimental  data of [8-14], occupies 
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a t e m p e r a t u r e  r ange  f r o m  the s a t u r a t i o n  c u r v e  to  873~ F o r  t e m p e r a t u r e s  up to 323~ the  r e f e r e n c e  data  

have  a r ange  of r educed  p r e s s u r e s  up to 2.9, fo r  h i g h e r  t e m p e r a t u r e s  the  m a x i m u m  dens i ty  va lue  up to 

which  e x p e r i m e n t a l  da ta  e x i s t  i s  s i gn i f i can t ly  r e d u c e d  (up to w = 1.56 fo r  T = 348~ w = 1.15 fo r  T = 523~ 

and co = 0.52 f o r  T = 873~ and the  r e f e r e n c e  v a l u e s  a r e  c o r r e s p o n d i n g l y  l i m i t e d  o v e r  dens i ty .  

The  n i t r o g e n  v i s c o s i t y  c u r v e  at a t m o s p h e r i c  p r e s s u r e ,  ob ta ined  f r o m  the s m o o t h e d  data  of [5], is  

a n a l y t i c a l l y  d e s c r i b e d  o v e r  the t e m p e r a t u r e  r ange  80-1300~ by the equa t ion  

~o(T)=__0.54232+10.514T--t.5550~z+0.19238~ a --0.013388~+0.00038242v ~ ~=T/T , )  (6) 

The  i s o t h e r m s  77, 323.15, and 773.15~ w e r e  s e l e c t e d  as b a s e s .  The  r e f e r e n c e  data  on the 77~ i s o -  
t h e r m  in the dens i t y  i n t e r v a l  f r o m  r to co' and on the 773.15~ i s o t h e r m w e r e  ob ta ined  by g r a p h i c  e x t r a p o l a -  

t ion  of the i s o c h o r s  and subsequen t  smoo th ing  along the  i s o t h e r m .  In c o n s t r u c t i n g  the i s o t h e r m  equa t ions ,  
v a l u e s  w e r e  g iven  to the s econd  v i r i a l  c o e f f i c i e n t s  which w e r e  found f r o m  r e f e r e n c e  da ta .  A f t e r  so lu t ion  
of the equa t ion  s y s t e m  an equa t ion  fo r  c a l c u l a t i n g  the v i s c o s i t y  of n i t r o g e n  was  found in the  f o r m  

(0), v) = ~ (0)) + ~ (0)) ~ + ~ (0)) ~0 (~) (7) 

w h e r e  the funct ion  ~?0 (T) i s  d e s c r i b e d  by Eq.  (6), and the v o l u m e  funct ions  have  the f o r m  

(z = i.825 co -{- 18.96t 0) 3 -- 2i.770 cos -~- 29.347 0)4 _ 23.147 0)~ i~- 9.072 o) 6 -- t.2925 0)~ 

= 0.683 co -- 0.740 0)~ + 2.451 r _ 12.972 o)a + 22.066 0)5- it.344 (a~ + 1.9257 0)7 

? = i + 0,01867 co -- 0.34468 (a S + 0.49498 cos __ 0.67044 0)~ + 0.5482 ~ co 5 -- 0.21122 0)6 + 0,02862 0) 7 (8) 

In c a l c u l a t i o n s  fo r  Eq.  (8) the fo l lowing va lues  fo r  the c r i t i c a l  p a r a m e t e r s  of n i t r o g e n  w e r e  taken:  
T ,  = 126.25~ p ,  = 0.304 g / c m  3. The  d i m e n s i o n s  of 17 w e r e  10 -6 N �9 s e c / m  2. 

The  v a l u e s  f o r  the dynamic  v i s c o s i t y  c o e f f i c i e n t  of n i t r o g e n  obta ined  f r o m  Eq. (8) w e r e  c o m p a r e d  

with m u l t i p l e  e x p e r i m e n t a l  data .  Without i n t roduc ing  de t a i l ed  c o m p a r i s o n  t a b l e s ,  we wi l l  ind ica te  that  in 

the t e m p e r a t u r e  r a n g e  above  273~ the equa t ion  does  d e s c r i b e  an o v e r w h e l m i n g  m a j o r i t y  of the e x p e r i m e n t -  
al data  of Golubev et  al .  [8-10] as we l l  as that  of M iche l s  and Gibson  [11], in the p r e s s u r e  range  of 490-  

980 b a r ,  wi th  an e r r o r  of  l e s s  than 1%. G r e a t e r  d e p a r t u r e s  a r e  o b s e r v e d  upon c o m p a r i s o n  with  the e x p e r i -  

m e n t a l  data  of [12, 13] f o r  the r e g i o n  of v e r y  high p r e s s u r e  (up to 4880 ba r ) ;  n e v e r t h e l e s s ,  at the m a j o r i t y  

of points  (34 out of  42) t h e s e  d e p a r t u r e s  a r e  no g r e a t e r  than 2%. At t e m p e r a t u r e s  be low 273~ e s p e c i a l l y  

in  the l iqu id  r a n g e ,  w h e r e  g r e a t e r  d e p a r t u r e s  be tween  the data  of the v a r i o u s  au thors  m a y  be seen ,  the  d i f -  

f e r e n c e s  be tween  the c a l c u l a t e d  v i s c o s i t y  v a l u e s  and those  d e t e r m i n e d  e x p e r i m e n t a l l y  i n c r e a s e .  H o w e v e r ,  
a s a t i s f a c t o r y  ( e s s e n t i a l l y  in the r ange  2-3%) a g r e e m e n t  i s  m a i n t a i n e d  with  the data  of Van I t t e r b e e k  et  al .  

[14], Go ldman  [15], F lynn  et  a l .  [16], and the m a j o r i t y  of the data  of Shepe l eva  and Golubev [9]. 

In e s t a b l i s h i n g  the v i s c o s i t y  c o e f f i c i e n t  fo r  p a r a h y d r o g e n ,  u s e  was  m a d e  of the d e t a i l e d  data  of D i l l e r  

[17], with c o n s i d e r a t i o n  of the c o r r e c t i o n s  t h e r e t o  r e c e n t l y  a c c o m p l i s h e d  by L y u s t e r n i k  and M am onov  [18]. 

The  data  ind ica t ed  a r e  fo r  a t e m p e r a t u r e  r ange  of 14-100~ and p r e s s u r e s  of 1-345 a tm (w = 2.8), inc luding  

the s a t u r a t i o n  c u r v e ,  e l i m i n a t i n g  the need  of c o n s t r u c t i n g  r e f e r e n c e  va lue  s e t s .  Th i s  p a r a m e t e r  r a n g e  is  

m o s t  i n t e r e s t i n g  f r o m  the v iewpoin t  of equa t ion  fo rm u la t i on ,  s ince  it  conta ins  l iqu id  and dense  gas ,  as wel l  
as gas  at m o d e r a t e  and low p r e s s u r e .  

Ana logous ly  to the n i t r o g e n  c a s e ,  i n i t i a l l y  the data  [17] on p a r a h y d r o g e n  v i s c o s i t y  at a t m o s p h e r i c  
p r e s s u r e  w e r e  ana ly t i c a l l y  d e s c r i b e d  wi th  an e r r o r  l e s s  than 1% with  the he lp  of the equa t ion  

0.45754 t t ~ )  ~10 (T) = -- 0.ii532 ~- 57.973 7 -- 20A85 @ 4.9626 ,\ 100 j -- , 

The v o l u m e  funct ions  ob ta ined  t h e r e u p o n  by the base  i s o t h e r m  m e t h o d  f o r  the equa t ion  for  v i s c o s i t y  
of  l iqu id  and g a s e o u s  p -H 2 in the f o r m  of Eq .  (5) a p p e a r  as 

cr = 29.954. i0 p -- 436.586.102 p2 __ i307.05.108p 3 + 307.50. i04p 4 + 4342.5- i05 p6 __ 4524.4- i06 po 

~6' = --224.010-10 p -- 5842.6. t02 p2 + 261~6.0.10 3 pa _~_ 2225.0.104 p4 ~ 120460-105 p5 _{_ 126085.6. i06 p6 

7 = t -- 0.26273-t0 p -- 5.33450.i0 a p2 + 1.07.t0 a pa _~_ 75.340.tO p4 __ 191.49. i0 a p5 ~- 139.85. t06 p6 

In th is  equa t ion  the d i m e n s i o n s  a r e  

N- sr 
[t0-6 ~ ] ,  ~o [~m~], T [~ 
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A detailed compar ison  of the equation obtained with DiUer 's  exper imental  data, as co r r ec t ed  in [18], 
showed a mean square depar ture  of calculated f rom exper imenta l  values of 0.8%, with a maximum dif fer -  
ence of 3% occurr ing at only a few points.  

These calculations pe rmi t  the conclusion that the form of equation descr ibed  here in  is a useful one 
for the analytic descr ipt ion of exper imental  data on viscos i ty  of gas and liquid within the l imits  of expe r i -  
mental  e r r o r .  
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